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CENTRAL LIMIT THEOREM FOR ARTIN L-FUNCTIONS 


PETER J. CHO AND HENRY H. KIM* * 

Abstract. We show that the sum of the traces of Frobenius elements of Artin L-functions in a 
family of G-fields satisfies the Gaussian distribution under certain counting conjectures. We prove 
the counting conjectures for S 4 and S' 5 -fields. We also show central limit theorem for modular 
form L-functions with the trivial central character with respect to congruence subgroups as the 
level goes to infinity. 


1. Introduction 

Let G be a finite group which is a transitive subgroup of a certain symmetry group Sd+i- A 
number field K of degree d + 1 is called a G-held if its Galois closure K over Q is a G-Galois 
extension. For a G-field K, we attach the Artin L-function 

L{s,p,K) = = ^ap(n)n"*, 

where p is d-dimensional representation of G. Note that —1 < ap{p) < d. If G = Sd+i, p is the d- 
dimensional standard representation of Sd+i- Let L{XY^ be the set of G-fields K with {dxl < X 
and signature (?’i,r2). In this paper, we restrict to the case G = 5 ^+ 1 , and consider the sum 
YlpKx^pip) ™ family of S’^+i-fields, L(XY^ and show that under the counting conjectures 
m and () 2 . 2 [) . it has the Gaussian distribution, namely, for a continuous real function h on M, 
if ^ 00 as X -)► 00, 


( 1 . 1 ) 


1 


#L{xy2 


E 


h 



1 roo 

V \/7r(x) ) 

y/ 27r J —00 


- dt. 


L{s,p,K)eL{Xy2 

When L{XY^ is replaced by Xk, the family of all normalized holomorphic Hecke eigen cusp forms 
of weight k with respect to 5 L 2 (Z), Nagoshi 


showed that if 

log X 


00 as X 


00, 
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( 1 . 2 ) 


1 ^ ^Ylp<x 


1 r°° *2 

-j= / h{t)e 2 dt, 
V —OD 


and called it central limit theorem. 

Here we note that we do not need the Artin conjecture nor the strong Artin conjecture in the 
proof of m- The estimates m and (j2.2p are proved by Taniguchi and Thorne [TTj for S3 
fields. For G = 34,83, the estimate ( 12 . 11 ) was proved in [ 3 ] and US], resp. We prove () 2 . 2 p in 
Sections [6] and [71 Hence (II.ip is unconditional for 53,54 and 55-helds. These estimates will be 
used in computing the n-level densities of Artin L-functions 0, i- 

We also study the distribution of the prime sums J 2 p<x^p(py ^ positive integer r. The 
effective Chebotarev density theorem implies the analogue of Sato-Tate distribution. Namely, 
Ylp<x ^piPY n-r as X ^ 00, where is the multiplicity of the trivial representation in p^. 

We also study distribution of Ylp<x'^f(p) f ^ 5 fc(iV), the set of normalized Hecke eigen 
cusp forms of weight k with respect to ro(A^) with the trivial central character. We prove the 
Gaussian distribution as A^ —)• 00. 


2. Counting 5rf+i-FiELDS with local conditions 

Let S = (LCp) be a finite set of local conditions. LCp = Sp^c means that p is unramified 
in K and the conjugacy class of Frobp is C. Let | 5 p^c'| = for some positive function 

f{p) which satisfies f{p) = 0 (|)- There are also several splitting types of ramified primes, which 
are denoted by ri, r2, • • • , . If LCp = Sp^n, then it means that p is ramified and its splitting 

type is Tj. Assume that we can choose explicit positive functions ci{p),C2{p), - ■ ■ ,Cw{p) with 
Er=iCi(p) = fiP)- Define and |5| = Up\LCp\. 

Let L{X-,SY^ be the set of 5(i_|_i-fields K with {dxl < X and the local condition S. 

Then assume that 


( 2 . 1 ) 

( 2 . 2 ) 


\L{XY^ 

\L{X-,SY^ 


A{r2)X + 0{xY, 


|5|A(r2)X + 0 




for some positive constant 5 and 7, and the implied constant is uniformly bounded for p and local 
conditions at p. 
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This assumption is satisfied when G = S 3 , S 4 and S 5 . When G = S 3 , Taniguchi and Thorne 
m obtained more precise results: Let L{X)^ be the set of cubic fields K with Td/c < X. Then 

where G~ = 3, = 1, K~ = y/S, and iL+ = 1. Here, we count only one cubic field from 

three conjugate fields. Let TSp,PSp, and INp be the local conditions of p which means that p 
is totally split, partially split and inert respectively. Let S = {LGp^\i = 1 , 2 ,--- ,n} be a set of 
local conditions at pi. Then 


and \L{X;S)^ 


\LGp 


' 1/6 

1+1/p+i/p^ 

3/6 

1+1/p+i/p^ 

2/6 

1+1/p+i/p^ 

i/p 

1+1/p+i/p^ 

i/p" 

, 1+1/p+i/p^ 


if LGp = TSp, 
if LGp = PSp, 
if LGp = INp, 
if p is partially ramified, 
if p is totally ramified. 


+ 0{Es{X)), where and 


Es{X) = l^^ , , ‘dlpesP*’ 

where Cp = 1 if p is unramified and otherwise, = 2 . 

For G = S 4 , S 5 , the estimate (12.11) was proved in [3] and [16]. We prove (12.211 in Sections [ 6 ] and 

El 

We identify L{XY^ with the set of Artin L-functions L{s,p,K) where iL is a G-field with 
|dj^| < X with signature (ri,r 2 ). Here we count only one G-field for each d + 1 conjugate fields. 
Throughout the article, we implicitly assume that the size of L(Xy^ is same with the number 
of number fields which satisfy the requirements of L{XY^. This claim deals with arithmetic 
equivalence of number fields. Two number fields Ki and K 2 are arithmetically equivalent if 
Cki{s) = Ck 2 {s)- We say that a number field K is arithmetically solitary if Ck{s) = Cf{s) implies 
that K and F are conjugate. It is known that S'^^-fields and fields are arithmetically solitary. 
See Chapter H in [T2|. 

For simplicity, we denote L{s,p,K) G L(XY^ hy p G L(X). 


3. Central limit theorem of Artin L-functions 
Consider, for a continuous real function h on M, 
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( 3 . 1 ) 


1 


p&L{X) 


Ep<x apiP) \ 

J 


We assume that x grows more slowly than X] namely, —> oo as x —>■ oo. So for an arbitrary 

positive real number a, we have X > 

By Theorem 25.8 and Theorem 30.2 (the method of moments) in [T], it is enough to consider 
h{x) = x^ . Consider 



By multinomial formula, 



r! 1 ^(2) 

2 -^ .^(ri,...,ru) n! • • • r^! u\ ^ 

U=1 


ap{PuY'", 


where X)(r| r ) the sum over the n-tuples (ri, ...iru) of positive integers such that ri + 

/2'\ 

■ ■ ■ + Vu = r, and Yl(p[ p ) ™eans the sum over the u-tuples (pi, ...,p„) of distinct primes such 
that Pi < X for each i. Then 




= 7 r(x)' 




U=1 


(1) r! 

{ri,...,ru)ril ■ ■ - Tu 


\2-^(pi,...,Pu) 


( E 

\p£LiX) 



Now we claim that except when r is even, u = |, and ri = • • • = = 2 , it gives rise to the 

error term. 

Now suppose Pi > 2 for all i, and rj > 2 for some j. Then since ri + • • • + = r, tt < 

Hence by the trivial estimate, such term is majorized by 




( 1 ) 


t\ 


u=l 


ul Til 


-d"i+-+'’“|L(X)|7r(x)“ 7r(x)-^|L(W)| V <C,d ^7r(x) 

! ^ u\ 


U=1 


This gives rise to the error term. 

Suppose Ti <2 for all i. Suppose r* = 1 for some i. We may assume that ri = 1. 

Let N be the number of conjugacy classes of G, and partition the sum YlpeL{X) (-^ + ^)^ 
sums, namely, given ( 5 i, ...,Su), where Si is either Sp^^c or Sp^^rj, we consider the set of p G L{X) 
with the local conditions Si for each i. Note that in each such partition, ap{piY^ ■ ■ ■ ap{puY'^ 


remains a constant. 
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Suppose Pi is unramified, and fix the splitting types of p 2 ) •'' and let Frobpj runs through 
the conjugacy classes of G. Then by (12.2p . the sum of such N partitions is 

S + ■ ■ ■'’”*’^'0 ’ 

c 

for a constant A{S 2 , ...,Su)- Let Xp be the character of p. Then ap{p) = xpid): where g = Frobp. 
By orthogonality of characters, ~ ~ b- Hence the above sum is 

0 {{pi ■ ■ ■pu)'^X^), and it is majorized by . 

Hence we can assume that < 2 for each i, and pj is ramified when rj = 1 . Suppose 

ri H- \-ry+ H- 1 -= r, ri = • • • = = 1 and r^+i = • • • = = 2. Then u-v < 

and pi, ...,py are ramified. The partition of fixed splitting types of Pv+i, ■■■,Pu is majorized by 

n 1 , B{Sy+l, ...,Sy)X + 0{{pi • ■■PuVX^), 

T=i ^ 

for some constant B{Sy+i, ...,Su)- Since ^ it contributes to 

7r(x)“-’'-5(loglogx)^X + < X(loglogx)V(x)-^ + 7r(x)-i+V“X^ 


Now let r be even, u = |, and ri = • • • = = 2. If one of pi,p2) •'' ^Pu is ramified, their 

contribution is majorized by X7r(x)“^ log log x. Now we assume that all primes are unramified. 
Then the corresponding term is 


(3.3) 


7r(x) 2 


1 r! 


( 2 ) 

E 


Y1 apipif ■ ■ ■ ap{pu) 

\L{s,p)€L{X) 



Let N be the number of conjugacy classes of G, and partition the sum Ylp£L{x) i^to iV“ sums 
where (Ci,..., Gy) is the set of /? G L{X) such that Frobp. G Gi for each i. Then, 


'y ^ ®p(pi) ■ ■ ■ ^p{pu) 

PGL{X) 


XpiPif ■ ■ ■ XpiPuf 


(Ci,...,c„) 


E 1 


peL(x) 
\Frobp.eCi y 


= E XpiPif ■ ■ ■ XpiPuf 


n 


\Gi 


Jl IG'Kl + fiPi)) 


\LiX)\+0{ipi---pyrX^ 


u 


E xpipif■■■xpiPufYl 

iCi,...,Cu) i=l 


|Ci| 

1^1(1 + f{Pi)) 


TT ^ Xp{Pi)'^\Ci\ ^ 


Now 
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Here xp{p)‘^ = Xp^{p) = Xsym?p{p) + XA'^pip)- We observed in [7j that since p is an irreducible 
real self-dual representation, Sym?p contains the trivial representation and does not contain 
the trivial representation m, page 274). Hence xp{pY = 1 + ’Hjip)^ where r/j’s are non¬ 
trivial irreducible characters of G. By the orthogonality of characters, for each j, \C\r]j{p) = 
Y.gec'niip) = 0. Hence Y.cXp{pf\C\ = |G|. Therefore, 


■^(Pl 


,-,Pu) 


( 

\pmx) 


= 7r(x)“|L(X)| +0(7r(x)“-V(X)|loglogx)+ 0(7r(x)“xT'“X^). 


Note 


1 r 


2 dt = < 


J- 

Hence we have proved 

Theorem 3.1. Suppose — > oo as x —)• oo. Then 

logo: 


0, if r is odd 


1 


\L{X)\ 


E 


pGL{X) 

This proves (11.11) . 


'Ep<x apjp)' 


1 r 


t^'e 2 dt + O 


I (log logx)^ 

\ 7r(x)2 


4. Central Limit Theorem for Hecke eigenforms; Level aspect 

In this section, in analogy to (II.2p . we consider central limit theorem for modular form L- 
functions with the trivial central character with respect to congruence subgroups as the level 
goes to infinity. We follow m closely. For k > 2, let Sk{N) be the set of normalized Hecke 
eigen cusp forms of weight k with respect to ro(A^) with the trivial central character. Let 
fi^) = af{mn) = af{m)af{n), if {m,n) = 1; oj(l) = 1; af{p>) = 

a/(p)«/(A"A - a/(A“A- 

We show 


Theorem 4.1. 


For a continuous real funetion h on M, (assume that oo as x ^ oo.) 


i(Sk{N) 


E 

/eSfe(Af) 


'Ep<x Q/(p)' 


1 r°° 


e 2 dt as X ^ oo. 

















CENTRAL LIMIT THEOREM FOR ARTIN L-FUNCTIONS 


7 


We have, from [14j . 


Lemma 4.2. Suppose k >2. Let Sk{N,x) be the set of normalized Hecke eigen cusp forms of 
weight k with respect to Tq{N) with a character x (mod N). Then 

«/(«) = + 0{n^md{N)), 

f&Sk{N,x) 

for some constant c, independent ofn,N. 


Here 'f’{N) = + j), and d{N) is the number of positive divisors of N. Note that 

'ijj{N) = |S'L 2 (Z) : ro(N')|. Here x{x) = 0 if a: is not a positive integer prime to N. In particular, 
if n is not a square, feSk{Nx) ®/(^) ~ 0{n‘^N^d{N)). Taking n = 1 and x = 1; we have 

*Sk{N) = + 0{md{N)). 


We need to compute, for a positive integer r, 

vTU ) 

By multinomial formula, 




( 1 ) 


rp I 


U=1 


ul ril 


fE 


( 2 ) 


Y1 

yf^SkiN) 




Now we claim that except when r is even, tt = |, and ri = • • • = = 2, it gives rise to the 

error term. 

By [I3], Lemma 2, we can show that af{p)^ = Y((j=o^n{j)cif{p^), where hn{j) = 0 if n is odd 
and j is even, or if n is even and j is odd. For u-tuples (ri, ...,ru) and (pi, ...,pu), we define 


-4(ri, ...,r„) = ^ H(ri,...,r„;pi,...,p„), 

B{ri,...,ru;pi,...,Pu) = 

f€Sk(N) 

Then 


B{ri,...,ru]Pi,...,Pu) = hr^ih) ■ ■ ■ hr^Uu) ^ a/(pf • • 

0<jr<ri,...,0<ju<ru feSkiN) 

As in |I3], if ri is odd for some I, A{ri, ...,ru) ^ iV2d(N)7r(x)“x'^“'’. 

Now let ri = • • • = = 2. Then r is even, and u = |. 
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A{ri,...,ru) = Tr{x) 2 #Sk{N) +0(7r(x)2 ^(loglogx) 2 #S’fc(iV)). 
Now suppose that all r^’s are even, and > 2 for some i. Then u < | — 1. Then 

A{ri, ...,ru) < 7r(x)“^#5fc(A^). 

Hence, as in Theorem EH we have 

—> oo as X —>■ oo. Then 


Proposition 4.3. Assume that ]2 SlIL 

^ log X 


1 


*Sk{N) 


E 


'Ep<x^fip)y _ 1 


j (log log x) 2 


f£Sk{N) \ 

This proves Theorem 14.11 


^— , f e ^ dt + O . 

V2tt J-oo \ 7 r ( x ) 


5. Analogues of Sato-Tate distribution 


For a Hecke eigenform f £ Sato-Tate conjecture says that for a continuous real function h 
on [- 2 , 2 ], 

T r 2 _ 

h{af{p)) ^ R- / h{t)Vl^dt, as X ^ oo. 

t/ —2 


7r(x) 


p<x 


Let af{p) = 2cos9f{p) for 9f{p) € [ 0 , 7 r]. Then {9f{p)} is uniformly distributed with respect to 
the measure ^sin^ 9 d9 on [ 0 , 7 r]. This is proved in [2]. 

For a vertical Sato-Tate distribution, one can consider, for a fixed prime p, 

(5.1) afipr. 

f&J^k 

Conrey-Duke-Farmer [9] proved, for a holomorphic form of weight k, 


Y ^f^py 


k , 

^ I 1 + 

Dvr \ p 


Pj Jo 


2" cos” 9- 


sm 


(l-i)2 + |sin2 0 


d9 + 0{p^ 




This implies that {9f{p),f E Tfc} is uniformly distributed with respect to the measure 

.2 0 


2 f sim 

'^K^PJ (1 - k)2 + ^sm^9 


d9. 


p/ p 

For Artin L-function analogue of Sato-Tate distribution, we consider, for r > 1, 


1 

7r(x) 




(5.2) 
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In our case, note that — 1 < ap(p) < d. By effective Chebotarev density theorem (cf. [I5], page 
132), for logx > IGKlog \d^\f, 

1 = Mvr(x) + O (7r(x^)) + O , 

p<x II ^ 

FrobpGC 

where (3 is an exceptional zero of C^i^) such that 1 — /3 < | logd^, if it exists. Hence 


p<x C \ p<^ } C ^ ^ 

“ \FrobpeC / 

Now Xlc \C\ap{pY = Ylg(zGXp{gY and XpioY = XpYd)- Note that 

-^^'^XpYg) = nr, 


g&G 


which is the multiplicity of the trivial representation in . Hence 


Y^O.pipY = nr-T^ix) + 0 {'k{x^) + xe ^(loga:)^^ 

p<x 


Therefore, 


7r(x) 


'^ap{pY 


Ur, diS X ^ OO. 


p<x 


For vertical Sato-Tate distribution, for a fixed prime p, consider 

my\ ^ 

' ^ peLix) 

Then by 


Yl ^p^py=Y1 ^p^py ^ + ‘^p^py ^ 

€L(X) C \ peL{x) j \ peL(x) 

XFrobpGC / \p is ramified 

= E + O(p^V) + O (^) = + Olp'X^) + o 

o 


So if X > pi-«, 


|i(V)| 


^ “ TTW) + 


P€L{X) 


I a, 
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6. Counting S5 quintic fields with local conditions 

Shankar and Tsimerman m recently counted S 5 quintic fields with a power saving error terms. 
For z = 0,1,2, let N^^\x) be the number of ^5 quintic fields of signature (5 —2z, i) with \dK\ < X. 
Then they showed 

N^\X) = DiX + O, , 

where Di = di 0^(1 + P~‘^ ~ P~^ ~ P~^) do) ^2 are ^ and respectively. 

We can count quintic fields with hnitely many local conditions. Let C be a conjugacy class of 
55 and f{p) = p~^ + 2p~‘^ + 2p~^ Let S = {LCp} be a finite set of local conditions. Define 

= |G|(j+/(p)) > l‘5p,rj = 1 and |5| = where Ci(p)’s are given explicitly at 

the end of this section. 


Theorem 6.1. Let N^^\x,S) be the number of quintic fields of signature (5 — 2i,i) with 
\dK\ < X, and with the local condition S. Then 


N^\X,S) = \S\DiX + 0^ 



2-e 


„ 199 . 

A 200 


We follow the notations in [16]. Let be the space of 4-tuples of 5 x 5 alternating matrices 
with integer coefficients. The group Gz = GL 4 (Z) x SL^{'L) acts on Vz via 


( 54 , 55 ) • {AB,C,Dy = g 4 {g 5 Agl, g^Bgl, g^Cgl, g^DglY. 


Here g^- {A,3,0,0)* means {ai{A,B,C,Df ,a 2 {A,B,C,D)*,az{A,B,C,D)*,a 4 {A,B,C,D)*), 
where Oj is the ith row of 54 . 

There is a canonical bijection between the set of Gz-equivalence classes of elements {A, B, C, D) G 
Vz, and the set of isomorphism classes of pairs of {R,R'), where i? is a quintic ring and R' is a 
sextic resolvent ring of R. (See [5].) Let V be an element of Vz- Over the residue field Fp, the 
element V determines a quintic Fp-algebra R{V)/{p). Let us define the splitting symbol (V,p) by 




whenever R{V)/{p) = 0 Fp /2 [i 2 ]/(i 2 ^) 0 • • •. Then there are 17 possible splitting 

types for (V,p); (11111), ( 1112 ), ( 122 ), (113), (23), (14), (5), (l^lll), (l2l2), (1^3), (l^l^l), ( 2 ^ 1 ), 
(1^11), (1^2), (1^1^), (1^1), and (1^). Let a be one of 17 splitting types. Then define Tp{a) to be 
the set of V G 1^ such that {V,p) = a and Up{a) to be the set of elements in Tp{a) corresponding 
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to quintic rings that are maximal at p. The set Up{a) is defined by congruence conditions on 
coefficients of V modulo p^. Let p{Up{a)) be the p-adic density of S in Vzp- They are computed 
in Lemma 4 in [S]. Let Up denote the union of the 17 Up{a). Then Lemma 20 of [S] implies that 

^J^{Up) = {p- Vfp^'^{p + l)^(p^ + l)^(p^ + P+ + p^ + p^ + P + l){p‘^ +p^ + 2p^ + 2p + 

Note that 

c^iC(2)^C(3)^C(4)^C(5) JJli(Lp) = + P~^ - - P~^), 

p p 

which is the coefficient of the main term in counting quintic fields. Here we need to interpret 
p{Up) in the following way: Up can be considered as a subset of or the union of k 

translates of p'^Vz, where k is the size of the set. Here k is p,{Up)q^^. Let Wp be the complement 
of Up in Vz, then p{Wp) = 1 — p{Up). Then Wp is the union of translates of q^Vz- 

For q square-free, let Wq C 1^ be the set of elements corresponding to quintic rings that are 
not maximal at each prime dividing q. Then Wq is the union of Ilpig P(Wp) ' translates of 
q'^Vz by the Chinese Remainder Theorem. 

Let denote the set of elements in Vz that correspond to orders in Ss-fields, and let 

be the complement of . A point in Yz corresponds to a maximal order in an S5 quintic 
fields precisely if it is in CipUp n . For a G^-invariant subset S of 1^, let N{S,X) denote 
the number of irreducible G^-orbits in := S Ci having discriminant bounded by X. 

For a set S which is not Gg-invariant, we can define N*(S,X) which also counts the orbits of 
degenerate points in S. 

Now we choose a finite set of primes {pi,P2)‘'' ^Pn}- And choose a splitting type cip^, for 
each pk, k = 1, 2, • • • , n. Define Up to be Up p ^ pk, /c = 1, 2, • • • , n. If p = pfc for some k, 
then Up = Up{api^). Let Wp be the complement of Up. Then Wq is the union of Ylp\q p(Wp) ■ 
translates of q'^Vz- 

Let N^^\x, {ap^}k=i, 2 ,--- ,n) be the number of S 5 quintic fields of signature (5 — 2i,i) with 
Idxl < X and the splitting types of p^’s are CTp^, for /c = 1, 2, • • • , n. Then by inclusion-exclusion 
method, 

ivf (A, {ap, }fc=i,2,.. ,„) = p(g)iV(VF' n , A). 

Q 

We use two estimates of N{Wq n V^\x) for small g’s and large g’s separately. Lemma 3 in 
[TU] says that N{Wq,X) = Oe(A/g^“^) and it implies that N{Wq,X) <Ce (piP 2 • • for 
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q square-free. If L is a translate of mVj,, then we have 


( 6 . 1 ) 


IV*({xELny® : ai 2 ^ 0},X) = + O 


X 


m 


40 


where Cj = (ijC(2)^C(3)^C(4)^C(5)- (See Equation 28 in [^.) Since is an union of Hpig 
translates of q'^Vz, 

N*{{x GW'n E® : ai 2 / 0 },X) = ■ aX + O = ^(lE^) ■ aX + O . 

pIq 

Then 


xf (X, {dp, },=1,2,.. ,n) = Y,KQ)N{W^n E«, X) 

Q 

(/x(IE') • c,X + O (g^xi) - ^i{q)Nl^{W, D X)) + O. ({pm • --Pn) 

q<Q n'-.D ^ 


2-e 


X 

,2-e 


(}>Q 


(/i(IE') • c,X - ^(g)X* 2 (IE, n E^^""’(*\x)) + O, ((P1P2 • ■■Pnf-^XIQ^-^ + xiQ 3 +^) 


q<Q 


^ Cip{W'^)X + (P1P2 • • • Pn?-^o, (x/gi-^ + xiQ3+. + 


= Ci 


11(1 - p{W'^))X + {PIP2 • --Puf-^O, {x/Q^-^ + xiQ3+e ^ 

p 

= a ll{p{U'g))X + {piP2 • • • Pnf-^0, (x/gi-^ + xiQ3+^ + . 

p 

Putting Q = X 400 , we have 

{piP2 ■ ■■Pnf‘~^Oe + Xt§Q^+'' + <Ce {piP2 ' • • Pn)^“''X355+^ 

Note that 

on(MW) = 


p P, "(t/p.) ‘V " P. Mt/p.) 

From Lemma 20 in [5], we can see that, for f{p) = p~^ + 2p“^ + 2p~'^ +P~^, 
p{Up{a)) _ 1/120 1/12 1/8 1/6 1/6 1/4 1/5 


fc=i ' ' i-'-' p 

.,-1 I 0.v,-2 I o.v,-3 I ^-4 


p{Up) i + fipY i + fipY i + /(p)’ i + /(p)’ i + /(p)’ i + /(p)’ i + /(p) 


and 
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for cr = (mil), (1112), (122), (113), (23), (14), (5), respectively, and 
^Ji{Up{a)) _ 1/6-1/p 1/2-1/p 1/3-1/p l/2-l/p2 1 / 2 -l/p^ 1 / 2 -l/p^ 

lx{Up) 1 + /(p) ’ 1 + /(p) ’ 1 + /(p) ’ 1 + /(p) ’ 1 + /(p) ’ 1 + /(p) ’ 1 + /(p) ’ 

1 /p^ 1 /p^ 1 /p^ 

I + Wr TT7M’ r+7M 

for fj = (1^111), (1^12), (1^3), (l^l^l), (2^1), (1^11), (1^2), (1^1^), (I'^l), (1^), respectively. Hence 
we have proved the theorem. 


7. Counting 54 quartic fields with local conditions 

In [3], Belabas, Bhargava and Pomerance obtained a power saving error term for counting ^4 
quartic fields. For z = 0,1, let N^\x) be the number of isomorphism classes of S' 4 -quartic fields 
of signature (4 — 2i,i) with \dK\ < X. Then 

iVi*^(X) = DiX + 0(X23/24+e)^ 

where Di = di np(l + P~‘^ - P~^ - P~‘^), and do = ^,di = g, and do = 1 ^- 

Let Vz be the space of pairs of {A, B) of integral ternary quadratic forms. The group Gz = 
GL 2 (Z) X SL^CIa) acts on Vz in the following way. For p 2 £ GL 2 (Z) and gs E 

(92,93) ■ (A,Bf = g 2 {g 3 Agl,gsBglY. 


Here g2 - (A, B) means that (ai{A, BY,a2{A, BY), where a* is the zth row of g2- 

There is a canonical bijection between the set of Gz-equivalence classes of elements (A, B) gVz, 
and the set of isomorphism classes of pairs of {Q,R), where Q is a quartic ring and R' is a cubic 
resolvent ring of Q. (See [1].) 

A prime p has 11 possible splitting type in an S '4 quartic field K. They are (1111), (112), (13), 
(4), ( 22 ), (1^11), (1^1^), ( 1 ^ 2 ), ( 2 ^), (1^1), and (1^). As we did in the previous section, we can 
define Up(a) and Up, resp. and p(C/p(cr))’s are computed in Lemma 23, [3]. 

Using their result, Yang [TB] was able to count ^4 quartic fields with one local condition with 
a power saving error term. He showed that 


fi{Up(ap)) 

g{Up) 


DiX + 0 



Nf{X,ap) 
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By the same argument in the previous section, we can extend Yang’s result to the case of 
finitely many local conditions: 



{X, ,n) 



KUp,) J 


AY + o((pi---pfc)2Yw+^) . 


From Lemma 23 in [3], we can see that, for f{p) = p ^ + 2p + p 

p{Up{a)) _ 1/24 1/4 1/3 1/8 1/4 

p{Up) 1 + f{p) ’ 1 + f{p) ’ 1 + f{p) ’ 1 + f{p) ’ 1 + f{p) 

for a = (1111), (112), (13), (22), (4), respectively, and 

p{Up{a)) _ 1/2 • l/p 1/2 • l/p 1/2 • l/p2 1/2 • l/p2 i/p2 
p{Up) - i + f{py i + f{py i + /(p)’ i + f{p)'i + f{py^^ i + /(p) 

for fj = (1^11), (1^2), (1^1^), (2^), (1^1), (1^), respectively. Hence we have proved 


Theorem 7.1. Let N^\x,S) he the number of quartic fields of signature (4 
{dxl < X, and with the local condition S. Then 


N^\X,S) = \S\D,X + 0, 




2 i,i) with 
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